
Introduction

Dry carbon blacks exhibit stationary aggregate ensembles
as shown in Fig. 1 [1, 2]. Each aggregate is comprised of a
decent number of ‘‘primary particles’’ (calling them here
‘‘particles’’). In Fig. 2 the mass fractions of aggregates of
different carbon blacks [3] are plotted against the
diameter. The similarity of the distributions is evidenced
at a first view. The particles also exhibit a size distribution
[4] (Fig. 3) with a shape which compares with the one of
aggregates. The distributions tend to be positively
skewed, i.e. they contain higher populations of particles

or aggregates in the smaller diameter regime than at the
larger end of the distribution. It is remarkable that the
hierarchically organized colloid structure of carbon
blacks is generated within very short periods of time
(lseconds!) [5].

Theories of the formation of carbon black particles or
aggregates of carbon blacks [5] have not been developed to
an accepted general version [6]. This is, of course, closely
related to the complexity of the processes. Informative is
the observation that in the reactor at high temperatures
the concentration of the poly-acetylene goes through a
maximum early in the reaction zone and reaches a
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Abstract As a new approach the
stationary size distribution of parti-
cles and aggregates of particles of
carbon blacks is described with an
extended version of the model of
reversible aggregation. Computer
simulations of aggregation in dissi-
pative systems lead to ensembles the
reduced size distributions of which
are at not too short times identical
with the universal stationary distri-
bution of the aggregation model. A
crucial general point seems to be
that structural fluctuations activated
by continuously running chemical
reactions including viscous dissipa-
tion exhibits the same statistics as it
is typical for thermally activated
aggregation. This leads to the sug-
gestion that the production of car-
bon blacks at very high temperatures
or the reorganization during the so-
called CAB-procedure should show
a statistically analogous fluctuation-
dissipation behaviour as thermally

activated aggregation. The ensemble
entropy is, in any case, rapidly
maximized. In the reactor, for ex-
ample, a sequence of generations
with quasi-stationary ensemble
structures is finally built up. Dissi-
pation-fluctuation, including highly
cooperative phenomena, guarantees
a unique and optimized stationary,
thermodynamically ‘‘essentially en-
tropy controlled’’ colloid-structure.
Universality is impressively verified
by the finding that the particle and
aggregate size distributions of dif-
ferent carbon blacks belong to the
same ‘‘class’’ so that their reduced
representations fall altogether on a
master curve. Consequences of our
interpretation are discussed.
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constant final value in the burnt gas [7]. In the region
where the poly-acetylene concentration decreases, the size
of the particles increases by aggregation of smaller
particles and by addition of higher poly-acetylenes and
poly-acetylene radicals. The number density of carbon
particles goes down finally reaching a stage where the
mean particle diameter and the particle number attain a
constant value [5]. The reaction arrives at a stationary
limit producing a defined pattern of particles and
aggregates (their absolute properties depend, of course,
on the reaction conditions).

Another relevant observation should be discussed
here. Submitted to the so-called ‘‘CAB-procedure’’
(peculiar dispersion procedure in cellulose acetate buty-
rate (CAB) at about 450 K [8]) the original patterns
suffer an extensive breakdown of the dry carbon black
aggregates. The mean size of aggregates and the width of
the size distribution are substantially reduced (Fig. 4).

The conception

Let us first debate aggregate ensembles (Fig. 1). In terms
of an increment model the number of particles ya should
characterize the size of an aggregate. The mean energy of
particle-particle contacts is supposed to be the same. At
the moment, we consider thermally activated processes. If
the aggregation standard energy is smaller than the mean
thermal energy 1/b¼ kBT (stored via continuously run-
ning fluctuation-dissipation processes) reversible aggre-
gation can be activated, i.e. aggregates can be formed or
annihilated. Each aggregate has thus a finite lifetime.

Fig. 1 Transmission electron microscopic picture of carbon black
N358 according to [3]

Fig. 2 Mass fraction of aggre-
gates of oil furnace carbon
blacks in the dry state as func-
tion of the diameter according
to [3]. The solid lines are com-
puted with the aid of Eqs. (10)
and (14) with the parameters as
indicated
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Internal equilibrium within the aggregates should rapidly
be established.

Reversible aggregation can then be described by
considering a set of quasi-chemical reactions defined by
the kinetic equations [9]

m1þm1 $m2 : m2½ �¼K m1½ �2

m2þm1 $m3 : m3½ �¼K m2½ � m1½ �2¼K2 m1½ �3
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
mya�1

þm1 $mya : mya

� �
¼K mya�1

h i
m1½ �¼Kya�1 m1½ �ya

ð1Þ

where m1 is the mass of the primary particles and [m1] is
the molar concentration of particles in the liquid state
with a defined fraction of excess free volume ([m1] < 1).
mya gives the mass of aggregates comprised of ya units;
the concentration of these aggregates is [mya]. For each
of the many reactions the constant K is the same. K
should not depend on the composition, of course, on
temperature or pressure.

Accounting for the conservation of mass

No m1½ �
X1
ya¼1

K m1½ �ð Þya�1 ¼ 1 ð2Þ

where No is the normalization constant; we are led to the
molar fraction n(ya) (‘‘Schulz-Flory’’ distribution) [10, 11]

n yað Þ ¼ 1 � xð Þxya�1 : x ¼ K m1½ � ð3Þ
Dependent on the value of x this size distribution of
aggregates may become very broad [9].

The thermodynamic formulation

To recall the thermodynamic formulation of the reaction
constant K let us consider dimerization in a molecular
gas. K is defined here by [12, 13]

K ¼ e�bDfo ¼ nM2

n2
M1

: b ¼ 1

kBT

nM1
¼

X
r

e�bur M1ð Þ; nM2
¼

X
r

e�bur M2ð Þ
ð4Þ

Fig. 3 Frequency of particles
of oil furnace carbon blacks in
the dry stage as function of the
diameter according to [4]. The
solid lines are computed with
the aid of Eqs. (9) and (14) with
the parameters as indicated

Fig. 4 Distribution of v¢/v for N358 in CAB chip relative to the dry
state according to [8]
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with Dfo as standard free energy of a dimer. ur(Mi) is the
energy of the excited state r of the molecule Mi. nMi

is the
quantum mechanical partition function of molecules Mi.
Forming new molecules they store energy determined by
the defined number of exited internal states.

If now aggregation should be treated in an analogous
manner, aggregates must be considered as dynamic
entities characterized by internal ‘‘modes of motion’’. Of
course, the partition function of an aggregate as sum
over the intra-aggregate modes of motion is not known
at all. The processes include not only oscillations but
also a continuous modification of the internal configu-
ration. We proceed therefore by introducing the stan-
dard free energy of aggregation Dfo¼Duo)TDso, i.e. the
change of the free energy per unit when it is built in an
aggregate with stationary internal properties. The prob-
ability function x in Eq. (3) then reads

x ¼ K m1½ � ¼ e�b Duo�TDso�kBT ln½m1�ð Þ � e�bDuo ð5Þ
Since Dfo does de facto not depend on temperature we
have

Dso � �kB1n m1½ � > 0; m1½ � < 1 ð6Þ
The standard aggregation entropy Dso is positive since

[m1] < 1. There are good reasons for expecting that
D so>Duo so that a negative standard free energy results.
x equalizes to the Boltzmann factor. Combining Eqs. (3)
and (5) the number of aggregates ny is then deduced to be
given by

n yð Þ ¼ Coe�ybDuo

Co ¼
1P

1 � e�ybDuo
¼ 1 � e�bDuo

ð7Þ

where y gives the number of contacts within an
aggregate comprised of ya units (y¼ ya)1). According
to the principles recalled in the Appendix [14] the
entropy of this ensemble is maximum.

The standard energy

In all cases known to date the standard aggregation
energy is positive. Let us explain this in terms of the
increment model on hand of the sketch in Fig. 5. With
the symbols indicated the standard energy may be
written as

yDuo ¼ y uosc þ uconð Þ þ 2ue � y þ 1ð ÞuL
ue ¼ vuL

yDuo ¼ y uosc þ uconð Þ þ 2v � y � 1ð ÞuL
Duo � uosc þ uconð Þ � uL

ð8Þ

The negative contact energy between two units (ucon),
the ‘‘excess energy of the ends’’ (ue) as well as the

positive value in the state of reference uL should fall in
the region of kBT as a necessary condition for ‘‘revers-
ible aggregation’’. Within the aggregates many modes of
motion should be excited this way storing kinetic and
potential energy (uosc). For positive values of Duo the
energy of the ‘‘internal modes’’ (uosc) must exceed the
sum of the negative contributions. Hence, aggregates are
dynamic metastable entities with fluctuating dissipative
internal properties; they store energy.

A relevant extension

The entropy of an aggregate ensemble depends on the
‘‘internal freedoms’’ of the fluctuation dynamics. This
should be accounted for by extending Eq. (7) [8]:

n yð Þ ¼ Cny pe�ybDuo ð9Þ

where Cn is the normalization constant. It is shown
below that the parameter p seems to characterize the
ensemble entropy.

The mass fraction of aggregates (de facto identical
with the volume fraction) hu (y) is obtained by multi-
plying the relation in Eq. (9) with y:

hu yð Þ ¼ Chy pþ1e�ybDuo ð10Þ

where Ch is the normalization constant. The width of
these distributions grows if the temperature is raised
or if the standard aggregation energy is diminished
(Fig. 6).

Fig. 5 Sketch of the formation of an aggregate comprised of three
units in terms of an increment model. ucon is the contact energy per
unit, ue the one of an end group. uosc gives the mean internal
energy per unit stored by internal modes of motion. uL should
define the internal energy of a unit in the state of reference without
any contacts
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The mean size of the aggregates hyip

hyip ¼

R1
y¼0

y pþ1e�ybDuody

R1
y¼0

y pe�ybDuody
¼ p þ 1

bDuo
ð11Þ

is predicted to grow with T (Fig. 6A) depending
inversely on the standard aggregation energy (Fig. 6B).

Universality

Introducing the variable gy¼ byDuo into Eqs. (9) and
(10) we are led to the universal relations

nu yð Þ ¼
n gy
� 	
Cn

ðbDuoÞp ¼ gpye
�gy

hu yð Þ ¼
h gy
� 	
Ch

ðbDuoÞpþ1 ¼ gpþ1
y e�gy

gy ¼ ybDuo

ð12Þ

Ensembles installed by reversible aggregation are
thus characterized by the following the criteria:

1. Different ‘‘classes’’ of aggregate ensembles should be
typified by the value of the parameter p

2. The reduced aggregate size distributions of the same
class should fall on a ‘‘mastercurve’’ (Eq. 12) (uni-
versality)

3. The mean size of the aggregates, i.e. the width of the
size distributions, should be controlled by the factor
1/bDuo (Eq. 11)

Hence, the reliability of the model is straightforwardly
tested by describing appropriate experiments.

The parameter p

It is a significant matter that the value of the parameter p
seems to depend on the ensemble entropy the value of
which should typify the fluctuation-dissipation beha-
viour of the whole aggregate ensemble.

For ensembles comprised of aggregates with an
anisotropy which does not depend on the size p should
be equal to zero. The number distribution is then given
by Boltzmann’s distribution. Continuous production
and decomposition of the whole configuration installs a
defined metastable stationary aggregate size distribution
which is usually very broad since the ensemble entropy
should be maximized.

Yet the internal anisotropy of aggregates may
increase with y. This is expected for aggregates with an
anisotropic shape where the number of internal modes
of motion grows with the size of the aggregates. To
calculate the density of orientation states we plot as
shown in Fig. 7 Ducy/Duco¼ y against the vector k(y)/
ko¼ ye The length of k(y)¼ ykoe (e unit vector in
direction of principle axis) describes that the anisotropy
grows proportional to y. The orientation entropy is
maximum if the anisotropic cells are randomly oriented.
Yet the anisotropy of the cells is not a polar property.
For a ‘‘two-dimensional ensemble’’ the density of
aggregates with y contacts should thus be proportional
to half of the periphery of the circle with the radius of y
(Fig. 7). In this case p should be equal to 1.

Fig. 6A,B Mass fraction of ag-
gregates as function of units y:
A at different temperatures;
B for different standard aggre-
gation energies computed with
Eq. (10)
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In bulk the density of aggregates with y contacts
should be proportional to y2 (given by half of the surface
of a sphere with the radius y in the (k(y)/ko)ucy/uco)-
space). The parameter p should be equal to 2.

Hence, the front factor in Eq. (9) seems to typify
extra ‘‘freedoms’’ of the ensemble entropy which in-
crease the density of states. The two representative
examples drawn out in Fig. 8 demonstrate that the
width of the size distribution increases with p, i.e. with
the ensemble entropy.

A generalization

The actual size distribution of an aggregate ensemble is
determined by the value bDuo is assigned to (Eq. 9). In
the above model 1/b¼ kBT gives the mean energy stored
via continuously running thermally activated processes.
Fluctuations come about if bDuo<1. Observed values
are much smaller covering a range of about
0.01 > bDuo > 0.002 [15].

Yet our mode1 demands only that the configuration of
the aggregate structure should fluctuate. Stationary
ensemble structures may thus even so be generated if the
underlying processes are excited otherwise. Representa-
tive examples are simple living systems like bacteria or
yeast [15]. Fluctuations of the cell size distributions or the
inter-cell structure are here mainly activated via ‘‘enzy-
matically driven chemical reactions’’. The production and
decomposition of proteins occurs including covalent
peptide bonds with a relatively large energy [16]. Inter-
preted in terms of the increment model of aggregation the
standard energy Duo is thus much larger than kBT. It is
now significant that the cell size distribution is described
by assigning bDuo to values in the same range as above
[15]. Hence, intermediate states excited during the con-
tinuously running enzymatically activated complex reac-
tions should store, on average, amounts of energy which
exceed the large value of Duo. Moreover, dissipation-
fluctuation processes seem to show the same features as
thermally activated processes since the typical symmetries
of the model of reversible aggregation also characterize
the cell ensembles of bacteria or yeast. This encouraged us
to describe the properties of particle and aggregate
ensembles of carbon blacks analogously.

Computer simulations

Computer simulations are an excellent tool for studying
aggregation phenomena also by using well known
differential equations which have not yet been solved.
Quasi-stationary behaviour should be recognized.

A model of cluster aggregation is introduced by Kolb
[17] where clusters can both aggregate and fragment.
This model is the reversible counterpart to diffusive
clustering of clusters. Stationary equilibrium requires
that the aggregation time is equal to the fragmentation
time. It is evidenced with the plot in Fig. 9a that the
reduced simulated distribution is fairly well reproduced
by using Eq. (12) with p¼ 1. This supports the sugges-
tion of Kolb [17] that while a particular aggregate may
have a relative weight that depends on the kinetics, the
scaling properties are universal.

Investigations of the connection between the geometry
of clusters and the kinetics [18] deliver the reduced size
distribution of aggregates (n(y)¼ y2ny; yr ¼ y=hyi) by

Fig. 8 Frequency as function of the number of contacts per aggregate
for p¼ 1 and p¼ 2

Fig. 7 The grey circle gives the density of orientation of a two-
dimensional system of randomly oriented aggregates the anisotropy of
which increases with y
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using the Smoluchovski equation [19–21] (Fig. 9b). It is
an important finding that the distribution calculated with
Eq. (12) and p¼ 2 reproduces the ‘‘Smoluchovski curve’’
(Fig. 9b). The deduced aggregate ensemble turns out to be
identical with the universal stationary equilibrium pattern
constituted by reversible aggregation while the size of
aggregates grows in time. Apparently the system passes
through a sequence of thermodynamically rapidly opti-
mized ‘‘equivalent’’ ensembles [22]. This has the conse-
quence that the entropy production is minimized.

The effect of cluster diffusivity on the cluster-size
distribution studied via simulations by Meakin et al. [23,
24] can be recognized in Figs. 9c, d. The diffusion
coefficient is defined by the power law

D � Doyc ð13Þ

where Do is a constant. The parameters used in the
calculation are indicated with the plots c¼)0.5, c¼)2.
For c¼)1/2 and at not too short times the cluster size
distributions coincide with the stationary number dis-
tribution of the model of reversible aggregation com-
puted with Eq. (12) (p¼ 2). The diffusion coefficient
depends here on the mass. Small clusters (‘‘aggregates’’)
move more quickly in randomly chosen directions than
larger ones. Yet, agreement is not established for every
set of the parameters (Fig. 9d).

All in all we are led to conclude that fluctuation-
dissipation during the simulation seems to yield to cluster

Fig. 9 a Reduced two-dimen-
sional size distribution of the
aggregates as function of y/
hyid¼ 2 installed by of reversible
cluster-cluster aggregation in
the stationary limit obtained by
a computer simulation model of
by Kolb [17]. The solid line is
computed with the use of the
Eq. (11) and p¼ 1. b Reduced
number distribution of aggre-
gates of different size as func-
tion of y=hyi obtained by a
numerical solution of the Smo-
luchovski equation [19] accord-
ing to [20] (s). The solid line
computed with Eq. (11) and
p¼ 2. c The time dependent
aggregate-size distribution ob-
tained from three-dimensional
simulations with a diffusivity
exponent cc¼)1/2 and a parti-
cle concentration of .¼ 0.0034
according to [21]. The times t
are indicated with the plot. The
lines are computed with the
universal relation defined in
Eq. (11). The curve is shifted on
the logarithmic scale accord-
ingly. d The time dependent
aggregate-size distribution ob-
tained from three-dimensional
simulations with a diffusivity
exponent cc¼)2 according to
[21]. Representative times t are
indicated with the plot. The
solid line is computed with
Eq. (12). The curve is shifted on
the logarithmic time scale
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ensembles where the configurational entropy is rapidly
maximized. At not too short times quasi-stationary
distributions are established showing the same shape as
in the stationary limit of the model of reversible aggregation.

Comparison with experiments and discussion

Within the reactor at very high temperatures (1700–
2100 K) dissipations-fluctuations behaviour of carbon
blacks is now assumed to show analogous features as
recognized in the above simulations. The dynamics and
the rheological conditions should allow formation and
annihilation of carbon black particles and aggregates.

At high temperatures structure and internal proper-
ties of particles or aggregates should differ from those at
room temperature. Here, continuously running chemical
reactions activated under extreme rheological conditions
do not happen any more. Our analysis is therefore based
on the hypothesis that each particle or aggregate
ensemble registered at low temperatures should display
the same ‘‘global structure’’ as in the reactor.

Particle size distribution

The formation of particles may occur via surface growth
processes of nucleated soot particles by reversible
cluster-clustering [25], [26]. This growth occurs via
‘‘microscopically reversible’’ attachment to, and incor-
poration in, existing species smaller than the first
observable soot particles. Fragmentation of particles
should also occur.

The identification of particles is confronted by
problems [3] including the method by which the
diameter of the particles dya in electron microscopic or
AFM pictures is exactly related to the number of
elements the particle is comprised of. We introduce the
empirical relation

dya ¼ 2yf
ya lo; ya ¼ y þ 1 ð14Þ

where lo scales the absolute value of the unit set here
equal to 1 nm. For densely packed spherical particles in
a cubic lattice the minimum value of the parameter f
should be equal to 1/3. This value should increase for
particles with a distorted more loosely packed internal
structure.

The frequency distribution of carbon blacks with
different mean diameters are depicted in Fig. 3 [4].The
solid lines are computed with Eqs. (9) and (14) adjusting
bDuo and (the absolute heights are fitted straightfor-
wardly). The mean diameters and the values of the
parameters are indicated with the plot. bDuo is, in any
case, so small that reversible aggregation can be
activated. Figure 10 shows that the mean size of the
particles is inversely proportional to bDuo (Eq. 11).

Plotted as function of the variable gy¼byDuo all the
distributions fall on the universal curve which is not
shown here. Hence, the criteria formulated above are
altogether confirmed.

Different grades of carbon blacks seem to be typified
by systematically changing values of bDuo. The standard
aggregation energy shows the largest value for N110, i.e.
for the type with the smallest mean particle size
(diameter 18 nm) decreasing with the mean diameter
of the particles (Fig. 10). Since X-ray studies [27–29]
show for N110 the largest para-crystalline distortions
of different carbon blacks one might suspect that the
contact energy Ducon between the units (which are not
exactly identified) shows here its minimum value. If the
dynamic energy uosc remains about the same the
standard aggregation energy of N110 Duo¼Duosc)
Ducon should be maximum.

The range covered by f (0.7–0.72) is about the same
for the different types of carbon blacks indicating that
the density of particles should not correspond to a
compact pattern.

Aggregate size distribution

In Fig. 2 the mass fractions of aggregates of the same
different dry carbon blacks as above [3] are plotted
against the diameter. The data are fairly well fitted with
the aid of Eqs. (10) and (14). The parameters are
indicated with the plots. The relative standard aggrega-
tion energies are sma1ler than those deduced for
particles, also decreasing systematically with the mean
size of the aggregates (analogously to the behaviour of
particles) (Fig. 10). The width of the stationary size
distribution of aggregates decreases the smaller the
particles are (Fig. 11). In the reduced version they fall on

Fig. 10 1/bDuo of particles and aggregates against the mean diameter
for the carbon blacks as indicated
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a master curve. This is demonstrated with the plot in
Fig. 12 where position and height of the maxima of the
different patterns are adjusted to each other. The
criterions formulated above are fully confirmed.

All in all, these results support the idea that particle
and aggregate ensembles should de facto optimize
themselves independently. The ‘‘momentary’’ mass frac-
tions of both particles and aggregates are likely to differ
from their optimum values. An analogous behaviour has
been observed in a completely different system. Defects
at the surface of metal crystals under stress [30]
constitute, for example, a fluctuating hierarchical defect
structure produced by reversible aggregation of disloca-
tions which move within conservative sliding planes of
the crystals. The reduced size distributions of the defect
generations are at each moment identical with their

stationary patterns. However, the concentrations of
both ensembles seem not to have arrived at final
stationary values.

CAB-treated samples

We discuss now the aggregate size distribution of CAB-
chip dispersions [4], [8] (Fig. 4). Let us assume that the
original aggregates are fragmented. The particles them-
selves should operate as rigid entities. New aggregates
are thus only generated and decomposed [2], [3].

We apply our generalized version of the model of
reversible aggregation where l/b should characterize the
mean energy stored via dissipative fluctuations during the
CAB-procedure which includes a milling process. During
the CAB-process a stationary aggregate ensemble should
rapidly be build up. The special processing conditions
including ‘‘viscoelastic’’ activation may be characterized
by defining an ‘‘effective temperature’’ T*>T. The new
stationary aggregate ensemble is formally considered as a
pattern which would be generated via thermal activation
at the elevated temperature T*.

The above suggestion is now tested by describing the
aggregate ensembles the structure of which is determined
by a method which goes back to Medalia [31]. For each
aggregate he defined an equivalent sphere veq(y) based
on the measured projected area in the TME-image, each
one represented by a circle. With the approximation
ya � y the ratio v¢(y)/v is then equal to

v0 yð Þ
v

¼ veq
y

ð15Þ

Many aggregates reveal now that they seem topo-
logically to behave analogously to a ‘‘coiled chain’’
(Fig. 1). Different ‘‘chain-like’’ conformations can also
be recognized in the TME-images [32] shown in Fig. 13.
It is thus suggested to define the equivalent volume of
an aggregate with y by introducing the well known
power law which relates to the chain-end-to-end
distance [33, 34]

veq / y3j ð16Þ
The maximum entropy (as for a phantom chain with

y units) should be arrived at if j is equal to 1/2 [33–35].
Yet at stationary equilibrium the mean shape of
aggregates should result from a balance of entropy
effects leading to a kind of branched random walk
structure where excluded volume forces favour aggre-
gate expansion. j is thus likely to attain values much
larger then the minimum value of the phantom chain
(1/2).

Combining Eqs. (15) and (16) we are led to

v0 vð Þ
v

¼ veq
y

¼ y3j�1 ð17Þ

Fig. 12 Master curve of the data of dry carbon blacks as indicated;
ud and um are assigned to values so that height and position of the
maximum of the different systems are fitted to the pattern of N110

Fig. 11 The frequency distributions as function of the size of the
aggregates (y) for different carbon blacks as indicated
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The mass fraction of aggregates with y contacts is
then according to Eq. (6) equal to

h yð Þ ¼ Cvy3e�byDuo ð18Þ
with Cv as normalization constant.

The mass fractions of aggregates for different types of
carbon blacks of varied amounts of oil (di(n-dibutyl)
phthalate, DPB) as function of v¢/v are depicted in
Fig. 14 [32]. The solid lines are computed with Eqs. (17)
and (18) and the parameters bDuo and j as indicated
with the plot. The relative standard aggregation energy

Fig. 14 Mass fraction aggre-
gates of the different carbon
blacks computed with Eqs. (17)
and (18) and bDuo and j as
indicated

Fig. 13 TEM images of the carbon blacks as indicated according to
[32]

Fig. 15 v¢/v scaled by u so as to compare with the mass distribution
computed with Eq. (18) and the parameters as indicated. These
parameters agree with the ones given in Fig. 3
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bDuo tends to decrease with increasing amounts of
DBPA showing altogether relatively large values as the
consequence that v¢(y)/v is not related to the size of the
units. Yet the plot in Fig. 15 reveals that the equivalent
volume scaled by the factor turns out to be proportional
to the volume occupied by the aggregates themselves (y).
The solid line is here computed with the value of bDuo as
obtained by the fit of the data in Fig. 2.

For the different carbon blacks involved here j is equal
to 0.9 with the exception of N335 where j drops down to
the smaller value of 0.7. According to the images depicted
in Fig. 13 this agrees with the qualitative recognition that
the aggregates of N358 appear not to be extended so much

as is observed for all the other patterns. All in all,
aggregates should exhibit a defined anisotropic stationary
shape constituted by branched configurations (Fig. 1) [3].
Related to the entropy maximum configuration the
anisometry may be characterized by

r ¼ e3 j�0:5ð Þ ð19Þ

For the systems involved r covers here the range
1.7 < r < 1.8. These values are near to the one of
aggregates in liquids where r is about 1.5 < r < 1.6.
The conformational entropy of the aggregates is really
maximized in analogy to the behaviour of polymer chains
[33, 34, 36]. It is indicated with the plot in Fig. 16 that the
maximum extension of the aggregates of N351 shown in
Fig. 13 corresponds indeed to only slightly ‘‘coiled pat-
terns’’ described by Eq. (16) with j¼ 0.9, i.e. the exclusion
volume of the particles extends each aggregate substan-
tially. This plot documents also that the conformations
of the aggregates of different size seem separately to be
adjusted so as to maximize the conformational entropy.

After the CAB-treatment the size of the aggregates is
substantially reduced [3]. This is demonstrated in
Fig. 17A where the mass distribution of a dry ensemble
is compared with that of a CAB-treated system. The
data can be fitted with Eq. (18) if T*¼ I600 K is
replaced by T*¼ 680 K. bDuo is increased by a factor
of 1600/680¼ 2.35 so that the mean aggregate size of the
CAB-ensemble is reduced accordingly (Eq. 11).

Plotted in a reduced version (Fig. 17B) the shapes of
the original pattern and the CAB-treated sample are
verified to be identical, i.e. rheologically activated quasi-
reversible aggregation should really be enforced during
the CAB-procedure.

Fig. 16 y plotted against the experimental maximum diameter of the
aggregates deduced from an analysis of the TME-image of N351
depicted in Fig. 13

Fig. 17 A Mass distribution of
v/v for N358 in CAB chip
relative to the dry state accord-
ing to [8]. Solid and dashed lines
are computed with Eqs. (17)
and (18). The parameters are
indicated (N358: dry
T*¼ 1600 K and CAB chip
T*¼ 680 K). B Both distribu-
tion adjusted to the same
maximum position (uv) and to
the same height
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Conclusions

The formation of aggregate ensembles with a statistically
defined colloid-structure needs fluctuation-dissipation
processes. Due to the finite lifetime of each configuration
a sequence of generations is developed in the course of
time. Each of them is characterized by a statistically
identical stationary ensemble structure with universal
features. These properties can be described with the
model of reversible aggregation (as a typical increment
conception). The model is based on the equivalent
importance of energy and entropy. At constant energy
(disposed by the number of possible contacts between
the units) the ensemble entropy is maximized via quasi-
continuously occurring production or decomposition of
iso-energetic ensemble configurations.

Relevant is the conception to consider aggregates as
‘‘inhomogeneous micro-phases’’ [37] which store dy-
namic energy via internal modes of motion like oscilla-
tions or configurational fluctuations. This leads to
positive values of the standard aggregation energy. The
intra-aggregate fluctuations are one of the factors which
limit the life time of each aggregate. It is shown
elsewhere [38] that these fluctuations guarantee that
internal equilibrium is established by adjusting the intra-
aggregate entropy accordingly (condition of ‘‘satura-
tion’’). Aggregates should thus be considered as meta-
stable micro-phases with universal liquid-like internal
properties.

The whole ensemble entropy thus turns out to be an
important factor in organizing ‘‘dissipative systems’’
with optimized metastable colloid-structures with unique
universal properties in each class. Controlled by the
extremum principles of thermodynamics they keep their
‘‘statistical identity’’ in the course of time since they pass
through a sequence of statistically identical realizations.
Even for different systems the reduced representations
are identical within each class (p¼ 2: carbon blacks and
aggregates in liquids; p¼ 3: bacteria and yeast cell
ensembles; p¼ 1: length distribution of the proteins
within the cells of bacteria and yeast).

It is a crucial finding that the size distributions of
aggregate ensembles derived via computer simulations
determined at not too short times turn out to be identical
with the universal pattern of the belonging model of
reversible aggregation (Fig. 9). Each of these patterns
seems to constitute in comparably short times quasi-
stationary ensemble structures. They seem to be a
hallmark even of stationary irreversible processes [22]
running off in systems with a fluctuating colloid structure.

This phenomenon explains why the hierarchically
organized particle and aggregate ensembles of carbon
black ensembles can be represented with our model. The
ensembles exhibit unique properties both belonging to
the class p¼ 2. Each of them seems nearly independently

to be built up via analogous fluctuation-dissipation
processes. This hypothesis is also supported with the
reproduction of the aggregate size distribution of the
‘‘CAB-pattern’’ where the particles operate as solid
entities. At constant energy the entropy of ensembles is,
in any case, maximized, indicated by the typical
asymmetric shape of the distributions. Universality is
finally, once more, demonstrated with the plot in Fig. 18
where it is to be seen that the reduced distributions of
both particles and aggregates are really identical for all
the different grades of carbon blacks studied here. A
solid explanation of the conditions is wanted which must
be fulfilled so that hierarchic ensemble structures of the
type involved here are organized.

A remarkable result of this paper is, in our opinion,
that metastable ensemble structures can be installed in
different ways, for example, activated in presence of
continuously and collectively running quasi-reversible
chemical reactions. These ensemble structures exhibit
even during stationary irreversible processes for each
class the same universal properties as observed for
analogous aggregate ensembles where the dissipative
structural fluctuations are thermally initiated. The
topological structural features of all of them are
identical, independent of how production and decom-
position of the relevant entities are realized (thermal
activation, enzymatically driven reactions, chemical
reactions, viscoelastic processes). ‘‘Reversible aggrega-
tion’’ generates in any case stationary colloid structures
which are unique and perfect. After any distortion a
representative stationary pattern is rapidly recovered,
i.e. these systems are ‘‘self-healing’’.

Cell ensembles of bacteria or yeast seem to behave
analogously [39]. The distribution of the size of the cells

Fig. 18 The intensity adjusted master-curve of the mass fraction of
particles and aggregates of the various carbon blacks as indicated with
the plot as function of the reduced aggregate diameter

672



as well of the length of the intra-cell proteins can be
shown to be ‘‘maximum entropy patterns’’ with univer-
sal properties.

Appendix. The Entropy Maximum Principle

Montroll and Shlesinger [14] used Boltzmann’s entropy
function H

H ¼ �
Z

n yð Þ ln n yð Þð ÞdyZ
n yð Þdy ¼ 1

ðA1Þ

By the method of Lagrange multipliers one seeks the
distribution n(y) that maximizes the entropy subject to
the auxiliary conditions

Z
Fi yð Þn yð Þdy ¼ ci; F1 yð Þ ¼ 1 ðA2Þ

We arrive at

dF yð Þ ¼ �
Z

ln n yð Þð Þ þ k1 þ k2F2 þ k3F3½ �dn yð Þdy ¼ 0

k1 ¼ � lnC; k2 ¼ 1; F2 ¼ byDuo; k3 ¼ �1; F3 ¼ ln y2

ðA3Þ
Constancy of the energy leads to the Boltzmann

distribution. The front factor y2 in Eq. (9) results for an
ensemble comprised of aggregates the anisotropy of
which grows with their size. Differently oriented aggre-
gates of the same size y are ‘‘distinguishable’’. The
orientation entropy of the aggregate ensemble is max-
imized if the aggregates are randomly oriented.
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